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U radu je predstavljen model transformatora primjenjiv u niskofrekvencijskim elektromagnetskim 
prijelaznim pojavama, frekvencija reda oko 1 kHz. Analiziran je primjer uklapanja neoptereÊenog 
energetskog transformatora. Prvo je pokazan pojednostavljeni analitiËki pristup, a zatim, zbog 
njegova ograniËenja, u analizu je uveden numeriËki pristup rjeπavanja krutih diferencijalnih 
jednadæbi koje opisuju prijelaznu pojavu. U oba sluËaja je realiziran algoritam za generiranje val-
nih oblika varijabli stanja. Rezultati oba algoritma su usporeeni s rezultatima MATLAB/Simulink/
Power System Blockset, namjenskog programa za analizu elektromagnetskih prijelaznih pojava u 
elektroenergetskom sustavu. Razvijeni algoritam se moæe uspjeπno koristiti u ostalim niskofrekven-
cijskim prijelaznim pojavama gdje je glavni predmet analize nelinearni karakter transformatora: 
ferorezonancija, ispad tereta, kvarovi kod transformatora itd. 
In this article, a transformer model is presented that is applicable to low frequency electromag-
netic transient phenomena of up to 1 kHz. An example of the energization of a no-load transform-
er is analyzed. A simplifi ed analytical approach is presented fi rst. Due to the limitations of this ap-
proach, a numerical approach is introduced for the solution of the stiff differential equations that 
describe the transient phenomena. In both cases, algorithms have been developed for generating 
the waveforms of the state variables. The results of both algorithms are compared to the results 
of the MATLAB/Simulink/Power System Blockset for the analysis of electromagnetic transient 
phenomena in electrical energy systems.  Developed algorithm with the introduced numerical 
approach can be used successfully in other low frequency transient phenomena where the main 
subject of analysis is the nonlinear character of the transformer: ferroresonance, load switch-off, 
transformer faults etc. 
KljuËne rijeËi: implicitno trapezno pravilo, krivulja magnetiziranja, krute diferencijalne jed-
nadæbe, uklapanje transformatora
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1 INTRODUCTION
Low frequency transient phenomena in transform-
ers usually include the inrush currents of no-load 
transformers and ferroresonance. In these tran-
sients, the parameter with the dominant impact on 
the results is the nonlinear inductance of the iron 
core. As a consequence of the nonlinearity of the 
core, high inrush currents can occur when energiz-
ing no-load transformers.  The basic characteristics 
of transformer inrush currents are relatively high 
amplitude, which in extreme cases can reach up to 
10 Irated as well as the relatively long period of time 
until a steady state is reached [1]. Such currents 
frequently can cause unnecessary tripping to occur 
because they can reach the short-circuit current 
values of the transformers.  In connection with this, 
various methods have been developed today for 
differentiating between transformer inrush current 
and short-circuit current. The most frequently used 
differentiation techniques are as follows: harmonic 
analysis of the current (second harmonic compo-
nent) [2], power differential methods [3], methods 
based on transformer magnetizing characteristics 
[4], modern techniques that are based on the use 
of wavelet transform and neural networks [5], mod-
ern correlation algorithms [6] etc.
Consequences of no-load transformer inrush cur-
rents can be temporary, low frequency and nonsi-
nusoidal overvoltages [7], which can signifi cantly 
overload the metal oxide surge arresters that are 
installed next to the transformers [8]. The thermal 
stress on surge arresters depends signifi cantly on 
the network confi guration and the system param-
eters as well as the initial conditions (the instant 
of energization, remnant magnetism etc.). The 
amplitude and duration of such transient voltages, 
together with the thermal stress on surge arresters, 
are signifi cantly more marked under the conditions 
of weak  powersystems.
Additionally, energizing and de-energizing trans-
formers in electrical  networks with capacitance 
can lead to long  term overcurrents or overvoltages 
due to ferroresonance. Typical examples of ferrores-
onance occur in series compensation [9], when 
switching off voltage measuring transformers [10] 
and due to the abnormal switching operations of 
three-phase switches (the premature energizing/de-
energizing of a transformer phase in networks with 
an isolated neutral point) [11].
Taking into account the above-described practi-
cal aspect of the problem with the low frequency 
transient phenomena of transformers, particular 
attention should be devoted to the correct mod-
eling of transformers, i.e. the simulation of these 
phenomena. 
1 UVOD
U niskofrekvencijske prijelazne pojave u tran-
sformatorima se obiËno ubrajaju uklapanje 
neoptereÊenih transformatora i ferorezonancija. U 
spomenutim prijelaznim pojavama parametar, koji 
dominantno utjeËe na rezultate prijelaznih pojava, 
je nelinearni induktivitet æeljezne jezgre transfor-
matora. Kao posljedica nelinearnosti jezgre moæe 
doÊi do jakih strujnih udara prilikom uklapanja 
neoptereÊenih transformatora. Osnovne karakte-
ristike struja uklopa transformatora su relativno 
velika amplituda, koja dostiæe ekstremno i do 10 
Inaz kao i relativno velika duljina trajanja do posti-
zanja stacionarnog stanja [1]. Ovakve struje Ëesto 
mogu uzrokovati nepotrebno djelovanje zaπtitnih 
ureaja buduÊi da mogu dostiÊi vrijednosti struja 
kratkog spoja transformatora. S tim u vezi, danas 
su razvijene razliËite metode za razlikovanje struje 
uklapanja od struje kratkog spoja transformatora. 
NajËeπÊe upotrebljavane tehnike razlikovanja su: 
harmonijska analiza struje (praÊenje drugog har-
monika struje) [2], energetske metode [3], metode 
magnetskih karakteristika transformatora [4], te 
suvremene tehnike koje se baziraju na upotrebi 
wavelet transformacije i neuronskih mreæa [5], su-
vremenih korelacijskih algoritama [6], itd.
Posljedica struja uklapanja neoptereÊenih transfor-
matora mogu biti privremeni, niskofrekvencijski, 
nesinusoidalni prenaponi [7], koji mogu znaËajno 
energetski preopteretiti metal-oksidne odvodnike 
prenapona koji su instalirani uz transformatore [8]. 
Zagrijavanje odvodnika bitno zavisi od promatrane 
konfi guracije mreæe i od parametara sustava kao 
i odgovarajuÊih poËetnih uvjeta (trenutak uklopa 
transformatora, remanentni magnetizam transfor-
matora itd.). Amplituda i duljina trajanja ovakvih 
privremenih napona, a samim time i zagrijavanje 
odvodnika prenapona, su znatno izraæeniji u uvje-
tima slabih elektroenergetskih sustava.
Dodatno, uklapanje, odnosno isklapanje transfor-
matora u elektriËnim krugovima koje sadræe ka-
pacitivnosti moæe dovesti do dugotrajnih ferorezo-
nantnih prekostruja, odnosno prenapona. TipiËni 
primjeri nastanka ferorezonancije nastupaju pri 
serijskoj kompenzaciji [9] ili pri isklapanju napon-
skih mjernih transformatora [10], te pri neregu-
larnim sklopnim operacijama trofaznih prekidaËa 
(prijevremeni uklop/isklop jedne faze u mreæama 
sa izoliranom neutralnom toËkom) [11].
S obzirom na iznesene praktiËne strane proble-
ma pri niskofrekvencijskim prijelaznim pojavama 
transformatora, potrebno je naroËitu pozornost 
usmjeriti na pravilno modeliranje transformatora, 
odnosno simuliranje spomenutih pojava. 
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As previously mentioned, the basic diffi culty in mod-
eling power transformers is the nonlinear character 
of the  inductance of the iron transformer core. The 
other transformer parameters, the resistance and 
leakage inductance of the primary and secondary 
windings as well as the resistance that represents 
losses in iron are assumed to be constant [12]. The 
basic transformer magnetizing curve is presented in 
Figure 1a. This curve can be qualitatively approxi-
mated with two straight lines, Figure 1b, that rep-
resent tangents in the unsaturated and saturated 
regions. The power transformer magnetizing curve 
has a very sharp transition from the unsaturated 
to the saturated regions. This is a consequence of 
the design of high voltage power transformers. With 
an increase in the voltage level or rated power of 
the transformer, no-load current is decreased and 
amounts to approximately 5 % to 10 % of the 
transformer rated current [13] for transformers with 
power ratings of 100 kVA and decreases to a value 
of approximately  0,47 % to 0,59 % of transformer 
rated current  for transformers with power ratings 
of 500 MVA. 
A review of the standard values of power transform-
er magnetizing currents for various rated powers is 
presented in Table 1. The transition current to the 
saturated region iz is equal to the rated current mul-
tiplied by the saturation factor k: iz = ki0rated, where 
usually for power transformers 1,05  k  1,3.
Thus, the bend in the magnetizing curve for a 
high power transformer is in a very narrow region 
of the transformer rated current (an order of 0,5 % 
to 1% irated). The surface, which is bounded by the 
real magnetizing curve and its approximation by 
two straight lines is of an order here of only ap-
proximately 0,001 % if it is taken into account 
that 100 % of the surface below the magnetizing 
curve is in a  p.u. system. A logical consequence 
of such low rated no-load currents is that it is pos-
sible to approximate the magnetizing curve using 
two straight lines with nearly negligible error in 
comparison to the real curve [14].
Kao πto je veÊ spomenuto, osnovna poteπkoÊa u 
modeliranju energetskih transformatora je neline-
arni karakter induktiviteta æeljezne jezgre transfor-
matora. Ostali parametri transformatora: otpor i 
rasipni induktiviteti primarnog i sekundarnog na-
mota kao i otpor koji reprezentira gubitke u æeljezu 
uzimaju se konstantnim [12]. Osnovna krivulja 
magnetiziranja transformatora dana je na slici 1a. 
Ova krivulja se moæe kvalitativno aproksimirati s 
dva pravca, slika 1b, koji predstavljaju tangente u 
nezasiÊenom i zasiÊenom podruËju. Krivulja ma-
gnetiziranja energetskih transformatora ima jako 
oπtar prijelaz iz nezasiÊenog u zasiÊeno podruËje. 
Ovo je posljedica konstruktivne izvedbe visoko-
naponskih energetskih transformatora. Naime, s 
porastom naponske razine, odnosno nazivne snage 
transformatora struja praznog hoda se smanjuje i 
iznosi [13] oko 5 % do10 % nazivne struje tran-
sformatora za transformatore snaga reda 100 kVA 
i opada sve do vrijednosti oko 0,47 % do 0,59 
% nazivne struje transformatora za transformatore 
snage reda 500 MVA. 
Pregled standardnih vrijednosti struje magnetizira-
nja za energetske transformatore razliËitih nazivnih 
snaga dan je tablicom 1. Struja prijelaza u zasiÊeno 
podruËje iz jednaka je nazivnoj struji pomnoæenoj 
s faktorom ulaska u zasiÊenje k: iz = k·i0naz, 
gdje je za energetske transformatore obiËno 
1,05  k  1,3. Dakle, koljeno krivulje magneti-
ziranja za energetske transformatore velikih snaga 
je razmjeπteno u veoma uskom podruËju nazivne 
struje transformatora (reda 0,5 % do 1 % inaz). 
Povrπina, koja je omeena realnom krivuljom ma-
gnetiziranja i njenom aproksimacijom preko dva 
pravca, ovdje je reda svega oko 0,001 % ako uz-
memo da je 100 % povrπina ispod cijele krivulje 
magnetiziranja u p.u. sistemu. LogiËna je poslje-
dica ovako malih nazivnih struja praznog hoda da 
predstavljanje krivulje magnetiziranja preko svega 
dva pravca Ëini gotovo zanemarive pogreπke u us-
poredbi s realnim predstavljanjem krivulje [14].
Tablica 1 − TipiËne vrijednosti struje praznog hoda kao postotak nazivne struje za energetske transformatore 
Table 1 − Typical values of no-load current as a percentage of rated current for power transformers
STR  (MVA) 0,1 1,0 10 20 40 60
i0 (% inaz/rated) 5,0 −  8,0 1,75 −  2,32 0,35 −  1,1 0,8 −  1,2 0,65 −  0,94 0,58 −  0,84
STR (MVA) 80 100 150 200 300 500
i0 (% inaz/rated) 0,54 −  0,77 0,51 −  0,73 0,47 −  0,67 0,51 −  0,64 0,49 −  0,61 0,47 −  0,59
ENERGIJA 5-2007 05.indd   587 12/6/07   1:51:27 PM
588TokiÊ, A., UglešiÊ, I., NumeriËki proraËun niskofrekvencijskih..., Energija, god. 56(2007), br. 5., str. 584-607TokiÊ, A., UglešiÊ, I.,The Numerical Calculation of..., Energija, vol. 56(2007), No. 5, pp. 584-607
A consequence of the nonlinear character of the 
iron transformer core is the nonsinusoidal trans-
former magnetizing current at the sinusoidal sup-
ply voltage, i.e. sinusoidal magnetic fl ux, which is 
clearly illustrated in Figure 2. In the same fi gure, 
two forms of magnetizing current are presented 
for two different peak values of the magnetic fl ux. 
During the transient phenomena of transformer 
energization, when the magnetic fl ux can acquire 
values greater than twice its rated value [15], high 
inrush current occurs, as presented in Figure 3.
Posljedica nelinearnog karaktera æeljezne jezgre 
transformatora je nesinusoidalna struja magneti-
ziranja transformatora pri sinusoidalnom naponu 
napajanja, tj. sinusoidalnom magnetskom toku, 
πto je jasno ilustrirano na slici 2. Na istoj slici su 
prikazana dva oblika struje magnetiziranja za dvije 
razliËite tjemene vrijednosti magnetskog toka. Ti-
jekom prijelazne pojave uklapanja transformatora 
kada magnetski tok moæe poprimi vrijednosti i 
veÊe od svoje dvostruke nazivne vrijednosti [15], 
dolazi do jakih strujnih udara transformatora, πto 
je pokazano na slici 3.
Slika 1
Krivulja magnetiziranja 
transformatora a) i njena 
aproksimacija preko dva 
pravca b)
Figure 1
Magnetizing curve of 
transformer a) and its 
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2 MATHEMATICAL MODEL OF 
THE ENERGIZATION OF A NO-
LOAD POWER TRANSFORMER
This chapter presents an analysis of a mathematical 
model of the energization of a no-load power trans-
former, Figures 4a and b. Between the transformer 
and the connection point to the network, there is a 
capacity C, which is equivalent to the capacity of a 
cable or overhead approach line, the capacitance of 
the capacitors etc.
The network parameters are obtained from data on 
the three-phase short-circuit power at the point of 
connection:
It is assumed that the ratio of X / R for the given 
network is known, on the basis of which we deter-
mine resistance R.
On the basis of the known transformer rated power 
STR and the short-circuit voltage, it is possible to de-
termine the leakage inductance of the transformer:
Other data, the effective resistance of the primary 
transformer winding R1, the effective resistance due 
to iron core losses Rm, and the nonlinear inductance 





U ovom poglavlju Êe se analizirati matematiËki mo-
del pri uklapanju neoptereÊenog energetskog tran-
sformatora, slika 4a i b. Izmeu transformatora i 
toËke prikljuËka na mreæu postoji kapacitet C, ko-
jim se ekvivalentira prilaz kabelskim ili nadzemnim 
vodom, kapacitet kondenzatorskih baterija i sl.
Parametri mreæe se dobivaju iz podataka o snazi 
tropolnog kratkog spoja u toËki prikljuËka:
Pretpostavlja se da je odnos X / R za danu mreæu 
poznat, na osnovi kojega se odreuje otpor R.
Na osnovi poznate nazivne snage transformatora 
STR, te napona kratkog spoja moguÊe je odrediti 
rasipni induktivitet tansformatora:
Ostali podaci, djelatni otpor primarnog namota 
transformatora R1, djelatni otpor izazvan gubicima 








of a no-load power 
transformer 
a) Shema uklapanja transformatora na mreæu / Simplifi ed electrical circuit of transformer energization
b) OdgovarajuÊa zamjenska shema slike a) / Equivalent electrical circuit of Figure a)
(1)
(2)
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of the transformer iron core Lm, otherwise defi ned 
by the magnetizing curve -im  ( is the main link-
age magnetic fl ux, im is the transformer magnetizing 
current), can easily be determined through measure-
ment or are already provided by the manufacturer. 
This nonlinear inductance is approximated with two 
straight lines in the -im coordinate system, Figure 2, 
which is generally acceptable in practice for power 
transformers. Point (iz, z) represents the critical 
point at the transition from the unsaturated region 
to the saturated region of the iron core. The straight 
lines coeffi cients actually represent inductances in 
the unsaturated region Lm1, const1 and saturated re-
gion Lm2, const2. In this manner, we obtain the func-
tional dependence of the magnetizing current on the 
magnetic fl ux (we defi ne the position in the corre-
sponding quadrant with the sign function) as follows:
3 ANALYTICAL APPROACH
For the purpose of simplicity we shall ignore all 
the active elements from Figure 4b. In the tran-
sient phenomena during transformer energization, 
if the instantaneous value of the magnetic fl ux in 
terms of absolute value exceeds the critical value 
of z, the transformer inductance changes from Lm1 
to Lm2. This actually means that the moment when 
the magnetic fl ux reaches the value of z can be 
taken as the time t=T>Tuk of switching off the in-
ductance Lm1, respectively the time of  switching 
on the inductance Lm2. In this case, an equivalent 
diagram would look like the one presented in Figure 
5. Similarly, when the magnetic fl ux is decreased 
below the value of z, inductance Lm2 is switched 
off and inductance Lm1 is switched on.
jezgre transformatora Lm, inaËe defi nirana krivu-
ljom magnetiziranja -im ( je glavni ulanËeni 
magnetski tok, im je struja magnetiziranja transfor-
matora), lako se mogu odrediti mjerenjem ili su 
veÊ dani od strane proizvoaËa. Ovaj nelinearni 
induktivitet aproksimiran je s dva pravca u -im 
koordinatnom sustavu, slika 2, πto je za energet-
ske transformatore u praksi uglavnom  prihvatljivo. 
ToËka (iz, z) predstavlja kritiËnu toËku pri prelasku 
iz nezasiÊenog u zasiÊeno podruËje æeljezne jez-
gre. Koefi cijenti pravaca ustvari predstavljaju in-
duktivitete u nezasiÊenom (Lm1, const1) i zasiÊenom 
podruËju (Lm2, const2). Na ovaj naËin dobivamo 
funkcionalnu ovisnost struje magnetiziranja o ma-
gnetskom toku kao (funkcijom sign osiguravamo 
pozicioniranje u odgovarajuÊem kvadrantu):
3 ANALITI»KI PRISTUP
Radi jednostavnosti zanemarit Êe se sve aktivne 
elemente sa slike 4b. Dakle, pri prijelaznoj pojavi 
uklapanja transformatora ako trenutaËna vrijed-
nost magnetskog toka, po apsolutnoj vrijednosti 
premaπi kritiËnu vrijednost z, induktivnost tran-
sformatora se mijenja sa Lm1 na Lm2. To ustvari 
znaËi da se trenutak kada magnetski tok dostigne 
vrijednost z moæe uzeti kao vrijeme t=T>Tuk iskla-
panja induktiviteta Lm1 odnosno uklapanja induk-
tiviteta Lm2. Ekvivalentna shema bi u tom sluËaju 
izgledala kao na slici 5. SliËno, pri smanjenju 
magnetskog toka ispod vrijednosti z iskljuËuje se 
induktivitet Lm2 i ukljuËuje induktivitet Lm1.
(3)
(4)
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Therefore, in transient phenomena transition from one 
straight line to another is conditional upon change in 
the instantaneous value of the magnetic fl ux, which 
in differential equations that describe the  behavior of 
electric circuits actually signifi es coeffi cient changes. 
The process begins with the inductance Lm1. Using 
the same symbols as in Figure 5, differential equa-
tions are obtained that describe the behavior of the 
electric circuit at the arbitrary moment tTuk , where 
t=Tuk is the moment that the switch is turned on:
Differential equation (5) is solved fi rst. When the 
natural circular frequency of the circuit is as follows:
the general solution to equation (5) is obtained:
Constants a, b and c  are determined from the initial 
conditions:
Dakle, promjena trenutaËne vrijednosti magnet-
skog toka pri prelaznoj pojavi uvjetuje prelaske 
s jednog na drugi pravac πto u diferencijalnim 
jednadæbama koje opisuju ponaπanje elektriËnih 
krugova ustvari znaËi promjenu koefi cijenata. Pro-
ces poËinje s induktivitetom Lm1. Uz oznake kao na 
slici 5 dobiju se diferencijalne jednadæbe koje opi-
suju ponaπanje elektriËnog kruga u proizvoljnom 
trenutku tTuk, gdje je t=Tuk trenutak uklapanja 
prekidaËa :
Rjeπava se prvo diferencijalna jednadæba (5). Uz 
izraz za prirodnu kruænu frekvenciju kruga: 
dobiva se opÊe rjeπenje diferencijalne jednadæbe (5):
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(11)
Voltage U0 and current IC0 are determined from the 
state prior to turning on the switch:
Coeffi cients a, b and c are obtained from the matrix 
equation formed on the basis of equations (9) to 
(13):
where matrices M, K and N are as follows:
Napon U0 i struja IC0 se odreuju iz stanja prije 
uklapanja prekidaËa:
Koefi cijenti a, b i c se dobivaju iz matriËne 
jednadæbe koja se formira na osnovi jednadæbi (9) 
do (13):
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When constants a, b and c are determined, the 
magnetic fl ux  (t), transformer voltage u(t) and 
condenser current iC(t) waveforms as a  function of 
time are then as follows: 
In equation (8), constant a represents the DC com-
ponent of the magnetic fl ux, b, c and 01 are the 
constants by which the self response is defi ned, 
and B and  are the constants by which the forced 
response is defi ned in the solution for the mag-
netic fl ux. The last three equations are valid until 
the condition of   z is met. Otherwise, when 
  z, differential equation (6) describes the 
behavior of the electric circuit with the parameter 
Lm2 instead of Lm1. The initial conditions for a new 
differential equation (6) are the last instantaneous 
values from the solution of equation (5). The so-
lution to differential equation (6) is obtained ac-
cording to the same procedure as the solution to 
equation (5). An analogous procedure is used when 
the magnetic fl ux is again reduced below the value 
of z with the corresponding initial conditions that 
are determined using the instantaneous values of 
the previous differential equation.  
The transformer magnetizing current im is deter-
mined on the basis of equations (3) and (4).
It is generally possible to develop an algorithm that 
would solve differential equations (5) and (6) by 
following the value of the instantaneous magnetic 
fl ux with the corresponding initial conditions. By 
introducing weighting coeffi cients k1 and k2 that 
would assume the value of 0 or 1, it is possible to 
make a loop that that would constantly calculate 
the value of the magnetic fl ux in the saturated and 
unsaturated regions, taking the corresponding ini-
tial conditions into account.  
Transformer remnant magnetism, rem can be taken 
into account if this value is entered into the calcu-
lation (Tuk) = rem. The hysteresis loop is ignored, 
which is completely acceptable in practical appli-
cations for power transformers [16].
Kada se odrede konstante a, b i c tada se za vre-
menski oblik magnetskog toka (t), napona u(t) na 
transformatoru i struje kondenzatora iC(t) dobiva: 
U jednadæbi (8) konstanta a predstavlja istosmjer-
nu komponentu magnetskog toka, b, c i 01 kon-
stante kojima je defi niran vlastiti odziv, a B i  kon-
stante kojima je defi niran prinudni odziv u rjeπenju 
za magnetski tok. Posljednje tri jednadæbe vrijede 
sve dok je zadovoljeno   z. U protivnom, 
kada bude   z tada ponaπanje elektriËnog 
kruga opisuje diferencijalna jednadæba (6) opisuje 
stanje ravnoteæe s parametrom Lm2 umjesto Lm1. 
PoËetni uvjeti za novu diferencijalnu jednadæbu 
(6) su posljednje trenutaËne vrijednosti rjeπenja 
prvobitne  jednadæbe (5). Rjeπenja diferencijalne 
jednadæbe (6) se dobivaju istim postupkom kao 
rjeπenja jednadæbe (5). Analogno se razmiπlja pri 
ponovnom smanjenju magnetskog toka ispod vri-
jednosti z sa odgovarajuÊim poËetnim uvjetima 
koji su odreeni posljednjim trenutaËnim vrijedno-
stima stare diferencijalne jednadæbe.
Struja magnetiziranja transformatora im odreuje 
se na osnovi relacija (3) i (4).
Generalno se moæe organizirati algoritam koji 
bi prateÊi vrijednost trenutaËnog magnetskog 
toka rjeπavao diferencijalne jednadæbe (5) i (6) 
s odgovarajuÊim poËetnim uvjetima. UvodeÊi 
teæinske koefi cijente k1 i k2 koji bi uzimali vrijed-
nosti 0 ili 1 moguÊe je naËiniti petlju koja bi 
stalno raËunala vrijednost magnetskog toka u 
zasiÊenom ili nezasiÊenom podruËju vodeÊi raËu-
na o odgovarajuÊim poËetnim uvjetima.
Remanentni magnetizam transformatora rem 
moguÊe je uvaæiti ako se u proraËun krene s tom 
vrijednoπÊu, (Tuk) = rem. Histerezna petlja je za-
nemarena, πto je u praktiËkim primjerima za ener-
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A simplifi ed algorithm for the calculation of state 
variables (magnetic fl ux, voltage and current) is 
presented in Figure 6. A complicating factor in the 
implementation of the program is that the initial 
conditions at every transition from one region to an-
other must constantly be recalculated.
Pojednostavljeni algoritam raËunanja varijabli 
stanja (magnetskog toka, napona i struje) dan je 
na slici 6. OteæavajuÊa Ëinjenica pri realizaciji 
programa je da se poËetni uvjeti pri svakom pri-












RaËunanje poËetnih uvjeta 01, U01, I01 
          i koefi cijenata a, b i c
Teæinski koefi cijenti:
i=1, j=0, k1=1, k2=0
t=Tuk
t=t+h
  RaËunanje magnetskog toka 
 = k1 (Lm1, 01, U01, I01) + k2 (Lm1, Lm2, 02, U02, I02)
||≤z




01, U01, I01 i 
koefi cijenata a, b i c 
Preuzimanje novih 
poËetnih uvjeta 
02, U02, I02 i 
koefi cijenata a, b i c
t≤Tprom
Printanje rezultata: 











Calculation of initial conditions 01, U01, I01 
          and coeffi cients a, b i c
Weighting coeffi cients:
i=1, j=0, k1=1, k2=0
t=Tuk
t=t+h
  Magnetic fl ux calculation
 = k1 (Lm1, 01, U01, I01) + k2 (Lm1, Lm2, 02, U02, I02)
||≤z
i=i+1, j=0 i=0, j=j+1
i=1 j=1
Acceptance of new 
initial conditions 
01, U01, I01 and 
coeffi cients a, b i c 
Acceptance of new 
initial conditions  
02, U02, I02 and 
coeffi cients a, b i c
t≤Tconsid
Print-out of the results:
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4 NUMERICAL APPROACH
A case will now be analyzed of the energization of 
a transformer with all the elements according to 
Figure 7. While the transformer is still in the un-
saturated region, where for purposes of simplicity 
the inductance of the iron core will be designated 
by Lm, the following equations apply:
Through the transformation of the last four 
equations, we arrive at fourth-order differential 
equations:
4 NUMERI»KI PRISTUP
Sada Êe se analizirati sluËaj uklapanja transfor-
matora sa svim elementima prema slici 7. Dok se 
transformator joπ uvijek nalazi u nezasiÊenom po-
druËju, gdje Êe se radi jednostavnosti induktivitet 
æeljezne jezgre oznaËiti s Lm, vrijede jednadæbe:
Transformacijom posljednje Ëetiri jednadæbe do-
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where the constants ai,   i = 0, 1, 2, 3, 4 are as 
follows:
with real data [8]:
∑ Em = 172 kV, 
∑ R  = 8,82 	, 
∑ L  = 0,281 H, 
∑ C  = 4,218 
F, 
∑ R1 = 0,529 	, 
∑ L1 = 0,126 H, 
∑ z  = 657,88 W, 
∑ Lm1 = 185,24 H,  
∑ Lm2 = 0,253 H, 
∑ Rm   = 0,576 ·106 	, 
and by applying the Bairstow numerical method, 
the roots of the characteristic equation are obtained 
as follows:  
gdje su konstante ai,   i = 0, 1, 2, 3, 4 dane sa:
Uz realne podatke [8]:
 
∑ Em = 172 kV, 
∑ R   = 8,82 	, 
∑ L   = 0,281 H, 
∑ C  = 4,218 
F, 
∑ R1   = 0,529 	, 
∑ L1  = 0,126 H, 
∑ z  = 657,88 W, 
∑ Lm1 = 185,24 H,  
∑ Lm2 = 0,253 H, 
∑ Rm   = 0,576 ·106 	, 
primjenjujuÊi Bairstow numeriËku metodu, za kor-
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Then the general solution of the equation (22) is:
High  dispersion of the roots p1 and p2 is evident. 
If matrices M, K and N  are formed, analogically to 
the discussion in Chapter 3, it could be easily con-
cluded that matrix  K represents a singular matrix 
because it contains multiples of the number e p1Tuk 
in the fi rst column. All these numbers are practical-
ly equal to zero for a computer due to the enormous 
value of p1. Therefore, the classical analytical ap-
proach in a general case could not be implemented 
due to the singularity of matrix K. The numerical 
approach to the solution of this problem will be 
discussed subsequently. However, with the numeri-
cal approach it is very important to pay attention 
to the selection of the suitable numerical approach 
procedure due to the signifi cant fact that the roots 
of the characteristic equation are highly  dispersed 
in the left part of the complex plain.  The high root 
dispersion of the characteristic equation defi nes a 
separate class of differential equations known as 
stiff differential equations. The absolute stability 
of the numerical approaches applied in this type 
of equation is disputable [17]. None of the classi-
cal numerical approaches in explicit form, whether 
of the single-step or multistep Euler, Runge-Kutta, 
Adams-Moulton type etc. using standard integration 
steps, assures the absolute stability of the proce-
dure, which leads to divergence of the solutions in 
the numerical sense (error k in the k-th iteration 
causes error k+1 > k in the k+1 iteration). Only im-
plicit numerical procedures guarantee absolute sta-
bility [17] and [18], although it is necessary to use 
them very cautiously. In a concrete example, the ab-
solutely stable implicit trapezoidal rule is applied. 
Equations (18) to (22) can be written in the state 
space form where the state variable vector is: 
For the unsaturated region where the following oth-
erwise applies:
Tada je opÊe rjeπenje jednadæbe (22):
OËita je jaka rasutost korijena p1 i p2. Kada bi po 
analogiji na razmatranje kao u poglavlju 3 formi-
rali matrice M, K i N, lako bismo zakljuËili da ma-
trica K predstavlja singularnu matricu, jer u prvom 
stupcu sadræi umnoπke broja e p1Tuk. Svi ti brojevi 
su za raËunalo praktiËki jednaki nuli zbog goleme 
vrijednosti p1. Dakle, klasiËan analitiËki pristup u 
opÊem se sluËaju ne bi mogao provesti zbog sin-
gularnosti matrice K. U daljem dijelu razmatrat Êe 
se numeriËki pristup rjeπavanja ovog problema. 
Meutim, i pri numeriËkom pristupu veoma je 
vaæno obratiti pozornost na izbor odgovarajuÊeg 
numeriËkog postupka zbog istaknute Ëinjenice da 
su korijeni karakteristiËne jednadæbe jako rasuti u 
lijevom dijelu kompleksne ravnine. Jaka disper-
zija korijena karakteristiËne jednadæbe defi nira 
zasebnu klasu diferencijalnih jednadæbi poznatih 
pod imenom krute diferencijalne jednadæbe (sti-
ff differential equations). Naime, diskutabilna je 
apsolutna stabilnost numeriËkih postupaka pri-
mijenjenih na ovu vrstu jednadæbi [17]. Nijedan 
od klasiËnih numeriËkih postupaka u eksplicitnoj 
formi, bio jednokoraËni ili viπekoraËni tipa Eulera, 
Runge-Kuta, Adams-Moulton itd. pri standardnim 
koracima integracije, ne osigurava apsolutnu 
stabilnost postupka, πto dovodi do divergiranja 
rjeπenja u numeriËkom smislu (pogreπka k u k-toj 
iteraciji izaziva u k+1-oj iteraciji pogreπku k+1 > k). 
Apsolutnu stabilnost osiguravaju jedino implicitni 
numeriËki postupci [17] i [18], mada i pri njihovoj 
upotrebi treba biti jako oprezan. U konkretnom 
primjeru upotrijebljeno je apsolutno stabilno im-
plicitno trapezno pravilo.
Jednadæbe (18) do (22) Êe se napisati u prostoru 
stanja uzimajuÊi da je vektor varijabli stanja: 
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the following state space equation is obtained:
Where:
In the saturated region where the following relation 
otherwise applies: 
the following is obtained:
dobiva se jednadæba u prostoru stanja:
gdje su:
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gdje su:
Implicitno trapezno pravilo primijenjeno na sustav 
ẋ = Ai x + bi,  i = 1, 2 daje iteracijsku vezu:
U posljednjoj relaciji sa h oznaËen je korak inte-
gracije i on je veoma problematiËan za eksplicitne 
metode. Naime, da bi se osigurala stabilnost ovih 
postupaka korak se mora odræati dovoljno malim 
da bi testovi stabilnosti bili zadovoljeni. Za Eulero-
vo pravilo je potrebno da korak integracije bude 
gdje su sa i oznaËene sve svojstvene vrijednosti 
matrice Ai. Za ovaj bi primjer veÊ za nezasiÊeno 
podruËje korak bio:
Pri upotrebi implicitnog trapeznog pravila nije po-
trebno voditi raËuna o veliËini koraka h. 
Dakle, moguÊe je naËiniti algoritam, slika 8, koji 
Êe prema (32) numeriËki rjeπavati sustav dife-
rencijalnih jednadæbi (29) za   z i (31) za 
 > z.
where:
The implicit trapezoidal rule applied to the system ẋ 
= Ai x + bi,  i = 1, 2 yields the iteration expression:
In the previous expression,  h is designated as the 
integration step and it is highly problematic for 
explicit methods. In order to assure the stability 
of these procedures, the step should be kept suf-
fi ciently small in order to satisfy the stability tests. 
For Euler’s rule, it is necessary for the integration 
step to be:
where i denotes all the characteristic values of 
matrix Ai. For this example, the step for the unsatu-
rated region would be: 
When applying the implicit trapezoidal rule, it is not 
necessary to take the size of step h into account. 
Therefore, it is possible to develop an algorithm, 
Figure 8 , which according to (32) will numerically 
solve the system of differential equations (29) for 






ENERGIJA 5-2007 05.indd   600 12/6/07   1:51:29 PM











x=[I0 UC0 I10 0]T
RaËunanje matrica
Ui=[E− h/2 Ai]−1, i=1, 2
i=Tuk
t=i+h
  RaËunanje magnetskog toka 
 = k1 f1(Lm1, x, U1) + k2 f2 (σ, Lm1, Lm2, x, U2)
| | ≤ z
K1=1, K2=0 K1=0, K2=1
t≤Tprom
Printanje rezultata: 









Calculation of initial conditions
x=[I0 UC0 I10 0]T
Matrix calculation
Ui=[E− h/2 Ai]−1, i=1, 2
i=Tuk
t=i+h
  Magnetic fl ux calculation
 = k1 f1(Lm1, x, U1) + k2 f2 (σ, Lm1, Lm2, x, U2)
| | ≤ z




Print-out of the results: 
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5 TEST EXAMPLE
The programs obtained according to the algorithms 
from Figures 6 and 8 have been tested using the 
MATLAB/Simulink/Power System Blockset (PSB), a 
part of MATLAB for electromagnetic transients [19]. 
The model parameters were taken from [8]. The sim-
ulation results are presented in Figures 9 and 10.
Figure 9 presents the results of the developed algo-
rithm that takes the simplifi ed model of transformer 
energization into account, without the damping ele-
ments, Chapter 3.
  
Figure 10 presents the results of the developed al-
gorithm that takes the complete model of transform-
er energization into account, with all the elements, 
Chapter 4. In Figure 10, the transformer remnant 
magnetism has also been taken into account. 
It can be concluded that the results of the realized 
programs are in complete agreement with the PSB 
program.
5 TEST PRIMJER
Programi dobiveni prema algoritmima sa slika 6 i 
8 testirani su na MATLAB/Simulink/Power System 
Blockset (PSB), dio MATLAB-a za elektromagnet-
ske tranzijente [19]. Parametri modela preuzeti su 
iz [8]. Rezultati simulacija dani su na slikama 9 
i 10.
Slika 9 pokazuje rezultate razvijenog algoritma 
koji uzima u obzir pojednostavljeni model ukla-
panja transformatora, bez priguπnih elemenata, 
poglavlje 3.
  
Slika 10 pokazuje rezultate razvijenog algori-
tma koji uzima u obzir potpuni model uklapanja 
transformatora, sa svim elementima, poglavlje 4. 
Na slici 10 je uvaæen i remanentni magnetizam 
transformatora. 
Moæe se zakljuËiti da se rezultati realiziranih 




Tuk = 5 ms,  rem = 0
Figure 9
Simplifi ed model, 
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6 COMPARISON WITH 
MEASUREMENTS
A developed program can be further generalized for 
the modeling of three-phase transformers, where 
the magnetizing curves are represented by a fi nite 
number of straight lines. The values of the magnet-
izing current, according to phases, are then calcu-
lated from the following formula [20]:
In the previous expression, the magnetizing curves, 
according to phases, are represented by vectors: 
                           
6 KOMPARACIJA S 
MJERENJIMA
Razvijeni program se moæe dalje generalizirati na 
modeliranje trofaznih transformatora, gdje su kri-
vulje magnetiziranja predstavljene preko konaËnog 
broja pravaca. Tada se vrijednosti struja magneti-
ziranja, po fazama, raËunaju iz formule [20]:
U posljednjoj relaciji su krivulje magnetiziranja, 
po fazama, dane s vektorima:
Slika 10
Potpuni model, 
Tuk = 15 ms, 
 rem = 0,8  nom
Figure 10
Complete model, 
Tuk = 15 ms, 
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where:
 
 j = 1, 2, 3 are phase designations, 
N =  the total number of straight lines of the ma-
gnetizing curve. 
The developed algorithm is verifi ed by compairson 
between the measured and simulated inrush cur-
rents of the no-load three-phase transformer. The 
parameters of the three-phase three-legged 2,4 
kVA, 0,38/0,5 kV, Y-Y transformer are as follows:
∑ short-circuit voltage uk% = 3 %,
∑ effective resistance per winding phase Rtr = 1,5 Ω,
∑ leakage inductance Ltr = 1 mH,
∑ iron core losses Rm = 4 626 Ω.
A nonlinear magnetizing curve is presented via 
13 straight lines [20]. In the modeling of a three-
legged transformer, zero reactance L0 = 15 mH is 
taken into account [20].
A transformer model [20] with added zero reactance 
is presented in Figure 11.
The source is modeled with a vector of the electro-
motive force for each phase:
gdje su:
  
 j = 1, 2, 3 oznake faza, 
N = ukupni broj pravaca krivulje magnetiziranja. 
Razvijeni algoritam je verifi ciran komparira-
njem izmjerenih i simuliranih struja uklapanja 
neoptereÊenog trofaznog transformatora. Parame-
tri trofaznog, trostupnog 2,4 kVA, 0,38/0,5 kV, Y-Y 
transformatora su:
∑ napon kratkog spoja uk% = 3 %,
∑ djelatni otpor namota po fazi Rtr = 1,5 Ω,
∑ rasipni induktivitet Ltr = 1 mH,
∑ gubici u jezgri transformatora Rm = 4 626 Ω.
Nelinearna krivulja magnetiziranja je predstavlje-
na preko 13 pravaca, [20]. Pri modeliranju trostu-
pnog transformatora uvaæena je i nulta reaktancija 
L0 = 15 mH [20].
Model transformatora [20], s pridodanom nultom 
reaktancijom prikazan je na slici 11.











Model of a three-phase, 
three-legged transformer 
with added zero 
reactance
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The measurement and simulation results are pre-
sented in Figure 12.
Through analysis of the measurement and simu-
lation results, the conclusion is reached that the 
maximum relative error calculated according to 
the peak inrush current values during each period 
amounts to 3,56 %.
Rezultati mjerenja i simulacija dani su na slici 
12.
Analizom rezultata mjerenja i simulacija dolazi se 
do zakljuËka da maksimalna relativna pogreπka, 
raËunata po tjemenim vrijednostima struje uklapa-
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7 CONCLUSION
A transformer model applicable to relatively low 
frequency transient phenomena is described in the 
article. For power transformers with high power rat-
ings, it was demonstrated that the magnetizing curve 
can be adequately presented with two straight lines. 
The limits for the use of analytical methods for the 
calculation of transient phenomena in transform-
ers are presented. The implicit trapezoidal rule was 
used for the numerical solution of a system of stiff 
differential equations. The developed algorithm can 
be applied to low frequency transient phenomena 
such as transformer energization, ferroresonance, 
load switch-off, transformer faults etc. An exam-
ple of the application of the developed algorithm 
was presented for the calculation of the transients 
that occur during the energization of a three-phase, 
three-legged transformer. Through comparison of 
the measured and simulated inrush currents of the 
three-phase transformer, it was established that the 
errors were within acceptable limits (a maximum of 
3,56 %).
7 ZAKLJU»AK
U radu je opisan model transformatora primje-
njiv u prijelaznim pojavama relativno niskih fre-
kvencija. Za energetske transformatore velikih 
snaga pokazano je da se krivulja magnetiziranja 
kvalitativno moæe predstaviti preko dva pravca. 
Pokazane su granice upotrebe analitiËkih metoda 
proraËuna prijelaznih pojava u transformatorima. 
Za numeriËko rjeπavanje sustava krutih diferenci-
jalnih jednadæbi iskoriπteno je implicitno trapezno 
pravilo. Razvijeni algoritam je moguÊe aplicirati 
u niskofrekvencijskim prijelaznim pojavama kao 
πto su: uklapanje transformatora, ferorezonancija, 
ispad tereta, kvarovi transformatora itd. Na kraju 
je pokazan primjer upotrebe realiziranog  algori-
tma na proraËun prijelazne pojave uklapanja tro-
faznog trostupnog transformatora. Kompariranjem 
mjerenih i simuliranih struja uklapanja trofaznog 
transformatora ustanovljeno je da se pogreπke na-
laze u zadovoljavajuÊim granicama (maksimalno 
3,56 %).
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